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Abstract. We consider the stationary semilinear Schrodinger equation 

-Au + a(x)u = f{x,u), u G -ff 1 ^), 

where a and / are continuous functions converging to some limits > 
and /oo = f<x{u) as \x\ oo. In the indefinite setting where the Schrodinger 
operator —A + a has negative eigenvalues, we combine a reduction method 
with a topological argument to prove the existence of a solution of our problem 
under weak one-sided asymptotic estimates. The minimal energy level need 
not be attained in this case. In a second part of the paper, we prove the 
existence of ground-state solutions under more restrictive assumptions on a 
and /. We stress that for some of our results we also allow zero to lie in the 
spectrum of —A + a. 



1. Introduction and main results 

Consider the semilinear elliptic equation 

- Au + a(x)u = f(x,u), ueH\R N ) (1) 

where a and / are continuous functions, / being super linear and sub-critical. We 
are interested in the existence of nontrivial solutions in the case where 
(Al) lim a(x) = and lim f(x,u) = /oo(u) hold uniformly for u in 

\x\— ¥00 \ x \~ 

bounded sets, for some aoo > and /oo £ C(R). 
In the definite case, inf a(x) > 0, the existence of solutions to Problem (ITT) has 

x£R N 

been extensively studied over the past twenty-five years, see e.g. [H [7J |H1 GO LLH LH1 
129] . and most attention has been given to nonlinearities of the type 

f(x,u) = q(x)\ur 2 u (2) 

with p > 2, p < jfZ2 hi case N > 3 and a positive function q on M. N converging 
to some positive limit as \x\ — > 00. The main issue in studying this equation is 
to overcome the lack of compactness of the problem. For example, the associated 
energy functional 

J(u) = — I |Vti| 2 + a(x)u 2 dx — I F(x,u)dx, 

C-U 

where F(x, u) = f(x, s) ds, does not satisfy the Palais-Smale condition, since the 
Jo 

embedding i? 1 (R JV ) <-}■ L P (M. N ) is not compact. Furthermore, the set of solutions 

2000 Mathematics Subject Classification. 35J60, 35J10; 35A15, 47H11. 

Key words and phrases. Nonlinear Schrodinger equation, generalized Nehari manifold, topo- 
logical degree, degenerate setting. 



2 



GILLES EVEQUOZ AND TOBIAS WETH 



of the limit problem 



{ 



Au + (Zooli = /oo(u), 

u e h 1 (r jv ), 



(3) 



is invariant under translations and hence not compact. On the other hand, the 
concentration-compactness principle of P.-L. Lions \17\ 118] provides a tool to un- 
derstand the nature of the lack of compactness. Using this principle, Ding and Ni 
[9] established the existence of a ground-state solution in the special case ^ , a = 1 
and assuming goo = inf q. Here, by a ground-state solution, we mean a solution 

R N 

with least possible energy value. It is easy to see that such a solution, which can 
be obtained by constrained minimization, does not exist in the special case where 
a = 1, ((2J holds and goo > q(x) for all x <E R*. On the other hand, assuming (|2|), 
a = 1 and only the weak one-sided estimate 



for some C, 5 > 0, Bahri and Li [3] (see also [4]) still could prove the existence 
of a positive solution of ([T]) by topological arguments combined with a minimax 
principle. This solution is - in general - not a ground-state solution. 

The main purpose of the present article is to extend the two kinds of results 
mentioned above to the (possibly) indefinite case, i.e., to the case where inf cr(— A + 
a) < 0. Here and in the following, er(— A + a) denotes the spectrum of the operator 
— A + a. Since it follows from (Al) that the essential spectrum of — A + a is given as 
the interval [ooo, oo), the nonpositive part of a{— A + a) may only consist of finitely 
many isolated eigenvalues. In particular, the operator —A + a is negative (semi- 
definite on a finite-dimensional subspace. In order to obtain results in this setting, 
one has to control the effect of this negative spectral subspace. Our approach to this 
problem uses the generalized Nehari manifold M. corresponding to U) , which - in a 
different setting - was introduced by Pankov [TO] and studied further in 26, 57] (see 
also [H1I12] for a related approach). The set M. - which will be defined in Section [2] 
below - contains all solutions of |T]), and minimizers of J on M. are solutions of |T]). 
Therefore it is natural to call these minimizers ground-state solutions of (Q}. As in 
the definite case, one may therefore distinguish between ground-state solutions and 
further solutions obtained, e.g., by minimax principles on M. relying on topological 
arguments. We note that some existence results in the indefinite case have already 
been obtained by Huang and Wang [13] using a classical linking theorem instead 
of the generalized Nehari manifold. We will show that, under weaker assumptions 
than in [T3], a ground-state solution of Jl} exists. Moreover, we will also treat 
asymptotic conditions on a and / where - similarly as in the paper [3J for the 
definite case - no ground-state solution can be expected to exist. 

Another aim of this paper is to allow for more general nonlinearities / than in 
previous papers. In order to state our first main result, we list assumptions on 



/ e C(R N x M). 

(Fl) \f{x,u)\ < C (1 + |m| p_1 ) for all (x,u) e R N x M with some constant C > 

and some 2 < p < 2* = if A > 3, resp. 2 < p < oo if N = 1, 2; 
(F2) f(x,u) = o{\u\) as \u\ — > 0, uniformly in x\ 




(F3) 




— » oo 



, uniformly in x, as |u| — » oo, where F(x 7 u) = / f(x, s) ds; 

Jo 
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f(x,ll) foo{u) 

(F4) The mappings u v- > — : — : — and u v- > — : — : — are strictly increasing in 

\u\ \u\ 

(-00, 0) U (0, 00) for all x G R N ; 

f (^) 

(F5) /oo is odd, and for some 9 > the mapping u h >■ is decreasing on 

(0,cx>), 

We also need the following stronger variant of (F2). 

(F2') There exists v > such that f(x,u) = o(|m| 1+i/ ) as \u\ —> 0, uniformly in 

x; 

Our first result reads as follows. 

Theorem 1.1. Suppose (Al), (Fl), (F2 1 ) and (F3)-(F5) hold and £ a{-A + 
a). If N > 2 and the limit problem ([3]) admits a unique positive solution (up 
to translations) , then (fTJ has at least one nontrivial solution provided there exists 
C\,C% > and a > 2 such that 

a(x) < aoo + Cie- Q ^M an d F(x, u) > F^u) - C 2 e~ a ^^ {u 2 + u p ) (4) 

holds for all x G 1*, u > 0. 

We point out that nonlinearities of the type ((2|) satisfy (F1)-(F5), as well as the 
weakly growing superlinear nonlinearity f(x,u) = q(x)u\og(l + \u\ s ) with s > 0, 
provided q(x) > for all x G R. N and lim q(x) — g^, > hold. The positive 

ground-state associated to the limit problem is unique for these nonlinearities, as 
follows from Theorem 1.1 in [14]. Moreover, the asymptotic estimate (|4]) is fulfilled 
if q(x) > <7oo - C 2 e- Q V^M for all x G R N . 

For weakly growing superlinear nonlinearities of the type f(x, u) = q(x)ulog(l + 
\u\ s ), Theorem ll.ll is even new in the definite case where the function a is positive 
in Mr . We point out that these weakly growing superlinear nonlinearities do not 
satisfy the usual Ambrosetti-Rabinowitz growth condition [5] which guarantees the 
boundedness of Palais-Smale sequences. We also note that the assumption is 
weaker than the corresponding assumption in the paper [3] of Bahri and Li, where 
only the case a = 1 was considered. In the indefinite case where inf a{— A + a) < 0, 
we are not aware of any existence result under assumption Our approach to 
prove Theorem ll.ll is strongly inspired by the work of Bahri and Li [3 in the definite 
case, but there are crucial differences. Most importantly, while the topological 
minimax argument of [3] is carried out on a unit sphere in a weighted L p -space, we 
have to use projection maps onto the generalized Nehari manifold. Therefore the 
required asymptotic estimates are much harder to derive. In particular, we need 
to deal with eigenfunctions of —A + a corresponding to negative eigenvalues and 
their asymptotic decay. In [3J, these difficulties were avoided by assuming a = 1 
and therefore dealing with the most simple spectral theoretic situation. 

As in the definite case treated in [3J , the solution obtained by Theorem 11.11 
is not a ground-state solution in general. In the following result, we show that, 
strengthening the condition on a or / in the spirit of [5], the problem (TTJ) admits 
a ground-state solution even without the condition (F5) and with (F2) instead of 
(F2'). 
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Theorem 1.2. Suppose (Al) and (F1)-(F4) hold. If there exists 9 > andr\ > 
such that 

0<|n|<ri 

holds, then ([T]) admits a (nontrivial) ground-state solution, provided one of the 
following sets of conditions is satisfied. 

(a) There exists Sq,Ci > and < a < such that 

a(x) < aoo - Cie- Q ^M f or all \x\ > S , (6) 
and there exists \i > a, C2 > /or which 
F(x,u) > F^u) - C 2 e->*^ lxl (u 2 + \u\ p ) holds for all xeR N , wei (7) 

(b) There exists So > for which a(x) < aoo ZioZds /or a/Z |x| > So, and for 
every rj > 0, £/iere exists < a < fS, C, ( , S*,, > smc/i </ia< 

> ^(m) + ^e-"^ 1 ! /or a// |x| > S v , rj < \u\ < -. (8) 

Furthermore, if ^ <j(— A + a) t/ie conclusion also holds without ([5]), and every 
< a < 2 is admissible in (a) and (b) above. 

To our knowlegde, Theorem 11.21 is the first result in this (noncompact) setting 
yielding existence of solutions in the case where is an eigenvalue of — A + a. Since 
the eigenfunctions associated the eigenvalue exhibit a slower decay rate than the 
ones corresponding to negative eigenvalues, we cannot expect, in general, to allow 
every value a € (0, 2) in Theorem II .21 Nevertheless, any a € (0, 1] is allowed, since 
f+f = 1 + > 1 for 6* > 0. In the case where <^ cr(— A + a) is considered, 
Theorem II .21 is a generalization of results of Huang and Wang [T3]. More precisely, 
we obtain the existence of solutions under weaker assumptions upon the potential 
a. In particular, we only need to control the behavior of — a(x) for large 
x. Moreover, Theorem 11.21 provides the additional information that ground-state 
solutions exist. 

The paper is organized as follows. We first state and prove some basic properties 
of the energy functional and the generalized Nehari manifold. Some crucial energy 
estimates are then derived before the actual proof of Theorem 11.11 is given. In 
the last section we give some further energy estimates under the assumptions of 
Theorem II .21 and conclude by proving the latter. Finally, in the appendix we prove 
a nonlinear splitting property for weakly converging sequences in iJ 1 (K A '), which 
is necessary for the decomposition of Palais-Smale sequences of J. Here we adapt 
a result in [I] Appendix] which was stated for the periodic setting. In contrast to 
earlier results of this type (see e.g. [15]), no Lipschitz continuity of / or bounds on 
/' are required here. 

2. Preliminaries 

Throughout this paper we shall use the following notation. For a function u on 
M. N and an element y G M. N , we write y * u for the translate of u, i.e., 



(y * u)(x) :~ u(x — y), x g 
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Let X be any normed space, we will denote by B r (u) the open ball in X centered 
atueX with radius r > 0. 

According to (Al), the essential spectrum of —A + a is equal to [doo, +00) (see 
e.g. [24j Theorem 3.15]), and a{— A + a) n (—00, a^) consists (at most) of isolated 
eigenvalues of finite multiplicity. Let 

inf er(-A + a) = Ai < . . . < A„ < = A„+i = . . . = A„ +i (< A„ +;+ i) 

denote the nonpositive eigenvalues (repeated according to multiplicity), and con- 
sider a corresponding orthonormal set of eigenfunctions e±, . . . , e n +i £ H 2 (R N ) n 
C(R N ). Setting E~ — span{ei, . . . , e n }, E° = span{e„+i, . . . , e n +i} (with the con- 
vention that E" = {0} if / = 0) and E + = (E~ 8 E ) 1 - , we have the so-called 
spectral decomposition 

E:=H 1 (M. N ) = E + ®E a (BE~ (9) 

corresponding to — A + a. Moreover, the eigenfunctions satisfy the following expo- 
nential decay estimates (see [231 Theorem 3.19]) which play a crucial role in the 
sequel. 

If 1 < i < n, then 

lim |e 4 (x)|e (1+5) ^^ |;r| = for every < S < Jl + ^ - 1. (10) 

On the other hand, ifn+l<i<n + ^, then Aj = and 

lim \e l (x)\e (1 - S) ^ lxl = for every S > 0. (11) 

\x\— >oo 

2.1. Energy functional and generalized Nehari manifold. We assume for 
the remainder of this section that (Al), (F1)-(F4) hold, and denote by || ■ || an 
equivalent norm on E = K 1 (M JV ) which satisfies 

/ |Vu| 2 +a(x)u 2 dx = \\u + \\ 2 - \\u-\\ 2 , iorueE. 

Here and in the sequel, we let it and u° , respectively, be the projections of u G E 
onto E ± and E°, respectively, according to the decomposition (|9]). 

The solutions of (fT]) are critical points of the energy functional J: E — > R given 

by 

J( u ) = l(\\u + \\ 2 -\\u~W 2 )- I F(x,u)dx, ueE. 

Considering the generalized Nehari manifold (see e.g. [37J Chapter 4]) 

M = {ue E\(E~ 8 E°) : J'(u)(tu + h) = 0, t > 0, h e E~ © £ }, 

we set 

c = inf J(u). 

For the limit problem ([3]), we set 

Joo(u) — — f \Vu\ 2 + a^u 2 dx — [ F^ujdx for u g E 1 , 

consider the associated Nehari manifold M.^ = {u e -E\{0} : J^,(u)u = 0} and 
let Coo = inf Joo(")- 
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We recall that, since doc > holds and since foe satisfies the conditions (Fl)- 
(F4), Problem ((3} admits a ground-state solution Uoo 6 F\{0} (see [27l Theorem 
3.13].) There holds Joo(woo) = > and ^(uoo) = 0. 

Before we give some properties of M. , let us point out a few facts concerning the 
functions /, /oo and their primitive F, F^. 

Lemma 2.1. (i) For every e > there is C £ > such that 

\f(x,u)\ < e\u\ + C e \u\ p ~ 1 and F(x, u) < e\u\ 2 + C £ \u\ p . (12) 

for all x E R N , u £ R. 

(ii) For all x £ M. N and all u,v € R, we have 

F(x,u + v) > F(x,u) + f(x,u)v and -Foo(w + v) > Foo(u) + foo(u)v (13) 

(iii) If (F2 f ) holds, then for every p > there exists C p > such that for all 
< u, v < p we have 

Foo(u + v)- Foo(u) - F^iv) > f x {u)v + /«,(«)« - C> 1+ V+*. (14) 
Proof, (i) follows easily from (Fl) and (F2). 

(ii) As a consequence of (F4), the function u i-> /(x, u) is increasing on R for every 
x € R*, which yields 

F(x,u + v) -F(x,u) = / f(x,t)dt> f(x,u)v. 

J u 

The statement on i 7 ^ and f^ follows in the same way from (F4). 

(iii) The inequality is obviously satisfied if u — or v = 0. Moreover, for < v < u, 
we deduce from (fT3|) and (F2') 

Foo(u + v) - Foo(u) - Foo(i;) - foo(u)v - foo(v)u > -Foo(v) - foo(v)u 

= - r t i+ » dt - i^iuv i+ » 

where C p :— sup < +oo. Since (1131) and (|14[) are symmetric in u and u, 

0<M<p 

the same estimate holds for < u < v, and the proof is complete. □ 
We now study more closely the set M. and the behavior of J on it. 

Lemma 2.2 (Properties of M). There holds 

(i) \ J RJV f(x,u)udx > J RN F{x,u)dx for all u & E\{0}, and the functional 
u i y J RN F{x, u) dx is weakly lower semicontinuous. 

(ii) For each w E E\{E-®E°) let E(w) := {tw+h : t > h € E°®E~}. Then 
there exists a unique nontrivial critical point m(w) of J\ g( w \ ■ Moreover, 
m(w) is the unique global maximum of J\ fe, w <. . 

(iii) There exists S > such that ||m(w) + || > S for all w £ E\(E~ © E°), and 
for each compact subset VV C E\(E~ ® E°) there is a constant Cyy > 
such that \\m(w)\\ < Cyy for all w G W. 

Proof. (i) The first assertion follows from J26J Lemma 2.1], and [25J Theorem 
1.6] gives the second one. 
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(ii) Similar to the proof of [26, Proposition 2.3], we see that for all u G At, 
there holds J(u) > J(v) for every v G E(u)\{u}. 

Let now w G E\{E~ © E ). It is enough to prove that .M n E(w) ^ 
holds. With w + ^ 0, we set v := ^™+^ and claim that for t > 0, h G 
E _ © E°, we have J(tu + /i) < if ||tt? + h\\ is large. Indeed, suppose, by 
contradiction that ||tfct> + /ifc|| — > oo as k — > oo and J(t k v + h k ) > for all fc. 
Setting w fc := || ^+^ || = s k v + z k for all k, we first note that (s k )k, (z k )k 
and (z°)fc are bounded sequences, since 1 = ||«fc|| 2 = s\ + \\z^ || 2 + ||z°|| 2 
holds for all k. Thus, up to a subsequence, we can assume v k — > sv + z for 
some s > and z G E~ © E°, since dim(E~ © E°) < +oo. In particular, 
\\sv + z\\ = 1 7^ 0, and therefore, |ifeu(a:) + fofc(a:)| — >• oo as fc — !• oo, for a.e. 
x G l w such that sv(x) + z(x) ^ 0. Condition (F3) together with Fatou's 
Lemma now gives 

1 2 1 2 J{t k v + h k ) _ f F(x,t k v + h k ) 2 



7^\\ z k II - 7T, r~rF7 = / —FT , .„ V k dx V OO , 

2" fc ||M + M 7 R « (^ + /i fc ) 2 

which contradicts the assumption J(t k v + h k ) > for all k and thus proves 
the claim. 

Next, we notice that (fT2"j) implies J(iu) > for t > small. Consequently 
< sup J{u) < +oo, and we conclude as in the proof of [261 Lemma 

2.6]. 

(iii) A similar proof as [Ml Lemma 2.4] gives the first assertion. For the second 
one, we simply note that m(w) has the form tw + + h with t > and 
h G E~ffiE°. Hence, the same argument as in the proof of (ii), together with 
the fact that J(m(w)) — L N ^f(x,m(w))m(w) — F(x,m(w)) dx > 0, implies 
that m(w) is uniformly bounded for w G W, since this set is compact. 

□ 

Lemma 2.3 (Coercivity). Every sequence (u k ) k C M with lim ||ufe|| = oo satisfies 

k— ¥ oo 

lim J(u k ) = oo. In particular, all Palais- Smale sequences for J in M. are bounded. 

k— >-oo 

Proof. By contradiction, let (u k ) k C M. satisfy d := sup J(u k ) < oo and 

fceN 

lim \\u k \\ — oo. Let v k := tt^tt for fc G N. We first claim that 

Ikfell^O asfc^oo. (15) 

Indeed, suppose that \\v£\\ — > 0. Then, since < J(u k ) < ^(\\u^\\ 2 — ||u^|| 2 ), we 
have ||% || < \\ut\\ for all k and therefore 

IK || < ||Vfc|| ->0 asfc^oc. 

As a consequence, since E° is finite-dimensional, we may pass to a subsequence 
such that v k — > v, where v G E° satisfies ||w|| = 1. Since |ufc(x)| — > oo for a.e. 
x G K with w(a;) ^= 0, it follows from (E3) and Fatou's lemma that 



f F(x,u k ) 2 

/ 2 — v k dx ~> 00 as fc — > 00, 
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and therefore 



n ^J(uk) 1/,, + ,|2 || -,|2\ f F(x,Uk) 2 , . _ 

- Tim = o(W v k II -Ffell)-/ — 73 v k dx^-oo 



\\ u k\\ 2 2 JR « u fc 

as fc — > oo, a contradiction. Hence (fTS)) holds, and therefore we may pass to a 
subsequence such that 

a:= inf \\vt\\ > 0. (16) 

Next we claim that 

"^Oel^), (17) 

where p > 2 is as in (Fl). Indeed, suppose by contradiction that v k — > in 
L P (R N ), and let s > 0. Then ((111) yields Jim J RJV F(x, sv+) dx = 0. Moreover, 

since sv k € E(u k ), Lemma l2.2f ii) implies that 

d> J{u k ) > J{sv+) = hsv+\\ 2 - { F(x,sv+)dx 
2 Jr« 



N 



for fc — > oo. Since s > was arbitrary, we get a contradiction. 

By (fl"?]) and Lions' Lemma Q21 Lemma 1.1], there exists a sequence (yu)k m 
such that, after passing to a subsequence, inf f Bl ^(Vk * v k) 2 dx > and therefore, 

passing again to a subsequence, yk * v k v as fc — > oo, where t> 6 i7 1 (M Ar ) \ {0}. 

Since dim(E~ © E°) < +oo, we can find z e E~ © E° such that, up to a 
subsequence, w^T + — > z holds, as fc — > oo. If the sequence (yk)k is bounded, we 
even have vt w for some w G i? + \{0}, up to a subsequence, and therefore we 
obtain Vk^w + z=/=Q&sk — > oo. Passing again to a subsequence, we may then 
also assume 

v k ^w + z a.e. in R N . (18) 

On the other hand, if (yk)k is unbounded, we may pass to a subsequence satisfying 
\yk\ — > oo and, consequently, yk * (vZ + v k ) — ^ as k — > oo. This gives yfc * — 
u^O, and we may pass to a subsequence satisfying 

Vk*Vk~>v a.e. in R^. (19) 

Now, we remark that 

F(x,u k ) 2 /" F(x - y k ,y k *u k ) 2 

2 — v k dx= I / {yk*vk) dx. 

u\ J r n (y k *u k ) 2 

Moreover, (|18p implies — )■ oo pointwise a.e. where w + z^O, while (|19|) implies 
\Vk * u k\ °o a - e - where u^O. Hence (F3) and Fatou's Lemma again imply that 

F(x,u k ) 2 / F(x-y k ,y k *u k ) 2 



v k dx = / ; ■ — (y k * v k ) dx ^ oo as fc — > oo, 

and therefore 

\\Uk\\ i J r n u k 

This contradiction finishes the proof. □ 

From Propositions 4.1, 4.2 and Corollary 4.3 in [27], it follows that 
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Lemma 2.4. (a) The map m: E\(E © E°) -> M given by Lemma WM (ii) 
is continuous and its restriction m to S + := {u G E + : \\u\\ = 1} is a 
homeomorphism with inverse given by m _1 (w) = ■pry? v G AL 

(b) The functional £+\{0} -> R defined by &(«;) = J(m(w)) is of class C 1 . 
Furthermore, H> := is also C 1 with i S'(w)z — \\m(w) + \\J'(m(w))z for 
every z G T W S + ={»£ E + : (w,v) = 0}. 

(c) (wk)k C 5 + is a Palais-Smale sequence for ^ if and only if (m(wk))k C Af 
is a Palais-Smale sequence for J. 

(d) inf ^ = inf J = c. 

S+ M 

Proposition 2.5. Suppose (Al) and (Fl)-(F^) are satisfied. If in addition c < c^ 
holds, then ([T]) has a nontrivial ground-state solution. 

Proof. Let (i)k)k C 5 + be a minimizing sequence for ^. By Ekeland's variational 

principle [28j Theorem 8.5], we can find a sequence (uu k ) k C 5 + such that — 

Ufell -» 0, ^fw/c) — >• inf W = c and llvf'fiojOII* -> as fe -> oo. Setting u fc := m(wfe) 
5+ 

for all fc, we obtain that (tifc)jt C M is a Palais-Smale sequence for J at level 
c. By Lemma [2.31 (uk)k is a bounded sequence. Thus, up to a subsequence, we 
may assume that u k — u, weakly in E, for some u G E, and the weak sequential 
continuity of J' gives J'(u) = 0. In particular, if u ^ then iieM holds, and 
since J is lower semicontinuous on AJ we obtain 

c < J(u) < liminf J(uk) = C. 

fe— >oo 

On the other hand, if u = holds, then we can find (yk)k C and (5 > such 
that 

liminf / (y fe * -it fe ) 2 dx > 5 > 0. (20) 

Indeed, if this were false, the concentration-compactness Lemma [18[ Lemma 1.1] 
would imply ||ufc||iP — > as k oo and, since 

c= lim J(ufc) = lim / ^- f(x,u k )u k ~F(x,u k ) dx < e sup \\u k \\ 2 L2 +C £ lim \\u k \\ p LP , 

k — ^oo k — ^oo jj^jv Z k£N ^ — 

holds for all e > 0, this would contradict the fact that c > 0. 

Now, we also remark that (y k ) k must be unbounded, since we are assuming 
u k — 1 0. Hence, passing to a subsequence if necessary, we may suppose \y k \ — > oo 
and y k * u k w as k — > oo. The compact embedding _ff 1 (i? 1 (0)) <^-> L 2 (Bi(0)) 
then implies w ^ 0. For every r^. > 0, we have by Lemma 12.21 (ii) 

t 2 f 

J(u k )> J{t k u k ) = Joo{tk{Vk * u k )) + / {a(x + y k ) - a oa )(y k * u k ) 2 dx 



F(x + yk,t k (y k * u k )) - Foo(t k (y k * u k )) dx. 

Choosing t k > such that ^(y^ * u k ) G Afoo holds, it follows that (t k ) k is a 
bounded sequence, since y k * u k — w 7^ (compare with Proposition 2.7].) 
Since a(x + y k ) — > aoo and y k * u k w &s k 00, the dominated convergence 
theorem gives J RN (a(x + y/.) — aoo)(y k * u k ) 2 dx — > 0, as A; — > 00. Moreover since 
tfcttfc as fc -> 00, (Al) and (F2) imply J RJV F(x,t k u k ) - F^tkUk) dx -> 0, as 
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k — y oo. Hence, we conclude that 

c = lim J(uh) > lim sup Joo (ifc (yfc * ilk)) > Coo 

holds, which contradicts our assumption c < Coo and gives the desired conclusion. 

□ 

3. The existence of a nontrivial solution 

We now consider the case where ^ <r(— A + a) holds, and wish to prove the 
existence of a solution to ([lj under the conditions of Theorem ll.il We shall assume 
throughout this section that N > 2, (Al), (Fl), (F3)-(F5) and (F2') are satisfied 
for some v > 0. In addition, the ground-state solution of (|3|) will be required to be 
unique (up to translations). 

The proof of Theorem 1 1 . 1 1 will rely on a topological degree argument applied to a 
barycenter type map. In order to set up a corresponding minimax principle which 
avoids noncompactness of Palais-Smale sequences, we first need some asymptotic 
estimates. 

3.1. Asymptotic estimates. The properties (Al), (F1)-(F4) and the oddness of 
/oo ensure the existence of a positive ground-state solution to the limit problem 
(J3}. More precisely, according to [5] Theoreme 1], [6 s Theorem 1] and [TTJ Theorem 
2], there exists a ground-state solution Uqo € C 2 (R N ) of ([3]), positive, radially sym- 
metric, radially decreasing and satisfying the following exponential decay property: 

lim (x) | a; | e v/ "°°' x ' exists and is positive (21) 

\x\— >oo 

We recall a result of [3] which we shall use repeatedly in the sequel. 

Proposition 3.1. (3, Proposition 1.2]) Let ip e C(R N ) H L°°(M Ar ), ip e C{R N ) 
radially symmetric, satisfy for some <7>0,/3>0, 7GK 

(p(x)\xf e a \ x \ — > 7 as \x\ -t 00 



and / IVKaOKl + la^K^dxKoo. 
Then, as \y\ — > 00, there holds 

( / (y * (p)ip dx ) |y|^e CT ' i '' — > 7 / ip(x) exp(— ax±) dx. 

An immediate consequence of this proposition and the estimate (|10[) on the 
eigenfunctions is the existence of some constant K\ > such that 

/ (y*u o)|e l |da; < k x |y|~ ^e - ^^ 1 for alH = 1, . . . , n and \y\ > 1. (22) 

In the next result, we consider a convex combination of two translates of the 
ground-state solution itco and its projection on M. We derive estimates concerning 
its behavior as these translates are moved far apart from each other and far away 
from the origin. The outcome of this study will be used to show that the energy of 
such a convex combination can be made smaller than 2coo under suitable conditions 
(see Lemma [3.31 ) We introduce the following notation which will be used in the 
next two lemmata. For y,z £ M. N , we let [y,z\ :— mm{\y\, \z\, \y — z\}, where | • | 
denotes the Euclidean norm on K . 
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Lemma 3.2. (i) There exists Si > 1 such that (1 — s)(y*u 00 )+s(z*u 00 ) ^ E~ , 
for all y,z £ M. N with \_y, z\ > Si and all s £ [0, 1]. 
(ii) For y, z £ R N with \_y, z\ > Si, and s £ [0, 1], let /oo = t ca (s, y, z) > and 

/loo — /loo ( 

s, y,z) £ E be chosen such that 

TTl((l - s)(y * Moo) + s(z * Uqo)) = too[(l - s)(y * Moo) + s(z * Moo) + /loo] 

holds. Then 

0< inf t 00 (s,y,z)< sup £«, (s, y, z) < +oo (23) 

sE[Q,l] se[0,l] 

and t/iere exists k,i > smc/i //ia/ 

sup ||ft 00 (s,y,«)||</^max{|y|-^Jz|- 2 ^}e-^ inl ' l il''l'l*l> (24) 
se[o,x] 

/or y,z £ M. N with [y, z\ > Si. 

Furthermore, if {{sk,yki z k))k C [0,1] x l w x R N satisfies lim sj, = s £ 

fc— >-oo 

[0,1] and lim \_y kl z k \ = oo, //iere exists some T = lim t co {s k ,y kl Zk) > 

fc— >oo ' k— >oo 

such that 

J(m((l - s k )(y k * Moo) + s k (z k * Moo))) -» Joo((l - s)TMoo) + ./oo(sTMoo), (25) 
as fc — > oo. Moreover, T = T(s) is uniquely determined by the relation 

[((l-s) 2 +s 2 )Tf 00 (u 00 )-(l-s)f co ((l-s)Tu 00 )-sf 00 (sTu 00 )]u 00 dx = 0. (26) 

Proof. (i) Since a(x) — > aoo as |x| — > oo and ((z— m)*Moo)(^) — ^ as |z— y| — > oo 
for all x £ WL N , the dominated convergence theorem implies that 

|V[(1 - s)(y * Moo) + s(z * Moo)]| 2 + a(x)[(l - s)(y * Moo) + s(z * Moo)] 2 dx 

— > ((1-S) 2 + S 2 ) / IVMool'+aooM^dx (27) 



as [m, zj — > oo. Since / RJV |V/i| 2 + a(x)h 2 dx — —\\h\\ 2 < for all ft £ E , 
the conclusion follows from (|2"?| and the fact that (1 — s) 2 + s 2 > | for all 
ae[0,l]. 

(ii) We set Woo := (l-s)(y*tt 0O ) + s(z*tt 0O ). Since J' (i 

])(* 

oo [M7oo ~r 

/ioo]) = 0, we find 
< 2c < 2 J (too [woo + /too]) + 2 / F(x, too K» + /ioo]) da; 

= t lo |V[woo + /ioo]| 2 + a(x)[woo + /ioo] 2 da; 

< 4 { / |Vm;oo| 2 + a(a?)t4, dx + 4C||moo|| ||/ioo|| - ||MI 

Using (|2"T|) , we deduce that sup ||/ioo(s, m, z)|| < +oo and 

[y,z}>Si 

are [0,1] 

inf too(s,M,z) > 0. Now suppose by contradiction, that too is not 

Ly,zJ>Si 
s£[0,l] 

bounded above, and let ((s kl y k , z k )) k C [0, 1] x x satisfy \y, z\ > Si 
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for all k as well as lim t 00 (sk,yk, Zk) = oo. Up to a subsequence, we may 

k— > oo 

assume Sk — > s £ [0, 1], and the continuity of m then implies lim \yk \ = oo 

k— ^oo 

and s 7^ 1, or lim = oo and s ^ 0, up to a subsequence. 

fc— ^OO 

We consider the case s ^ 1 and \yk\ — > oo as k — >• oo; the other case 

n 

follows similarly. Writing /loo = 2 ^i° e i witn ^i°> • • • > e R, the upper 

bound on 1 1 /loo 1 1 an d the decay property (|10[) of the eigenfunctions e%, . . . , e n 
imply h 00 (x + yk) — > as k — > oo for all x € R . Since Uoo > holds on 
l w , we have for all x e l w 

ioo[woo(a; + 2/fe) + hoo{x + y k )} > *oo[(l ~ s fc )woo(x) + ^(sc + -> +oo, 
as fc — > oo. The assumption (F3) and Fatou's Lemma then give 

|V[u;oo(a;) + h oc (x)]\ 2 + a(x)[w 00 (x) + h^x)} 2 dx 
= — I f(x,t 00 [w 00 (x) + h 00 (x)])(w 00 (x) + h 00 (x))dx 

too Jl» 

>2f F{x + Vk ^ w ^ x + y ^ + yk)]) , (x + m) + h (x + Vk ))2 dx 

L I u r /-i \ i i / i \i\2 V^oo ^ t </fcj T 'too J- t yk)) ux 

Jrn \too[Wao(x + Vk) + hooix + yk)\) 

— » +oo, as fc — > oo, 

which contradicts the boundedness of Woo + /loo and concludes the proof of 

Now the property J'(foo[woo + /ioo])/ioo = and the inequality f(x, u + 
v ) v > f{x,u)v for all a; e R N , u,v € R, which follows from (F4), together 
give 

|| /loo || 2 < / Vwoo ■ Vft-oo + a(x)w 00 h 00 dx + / \f(x,t 00 w ao )h 00 \dx. (28) 



We write again hoo — A°°ei, so that 

i=l 

n n n 

|A n |5>n 2 < ll^ooll 2 = -J>(Ar) 2 < lAil^^D 2 . (29) 



1=1 

-oo(mN\ 



Then, using (IT21 and the facts that Uoo £ L°°(R JV ) and Woo is positive, we 
infer from (J2S) and fl22]) that 



Woo 



ll^ooll 2 < / wool) XiA^ei\dx + C 
< C" 1 1 /ioo 1 1 max / Woo \ei\dx 

l<i<nJ M N 

with constants C , C" > 0, and hence 
M <C" m ax / Pooled d,<C" max / :- , * ,M 

Ki<n ImN Ki<n 



< 2C"Kimax{|yr^r i ,|zr^ i }e-^ min{l « l ' |z|} 
by (J221). This proves ([23]) with k 2 = 2C"n x . 
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Let now {{s k ,y k ,z k )) k C [0, 1] x R N x R N and s £ [0, 1] be such that 
lim Sfc = s, and lim [yk,Zk\ — oo hold. By (|23]). we can assume that, up 

k— foo k— foo 

to a subsequence, lim too(s/c, 2/fc, £fc) = T > holds. Consequently, we find 

fc— f oo 

0= lim J'(too[Woo + ^oo])£oo[Woo + ^oo] 

f oo 

2 i „ „.2 



fc- 



= ((1 - fl)' + / |V Woo |" + aoo M^ dl 

JR™ 

- / /oo((l — s)Tuoo)(l — s)Tuoo dx - / fooisTur^sTuoodx. 

Since J^ (w o)'«oo = 0, we conclude that T satisfies (|2"o) . The strict mono- 
tonicity in (F4) and the fact that Uoo > on M. N give the uniqueness of T 
(recall that s £ [0,1] is fixed). Hence the whole sequence (too(sfc, Uk, Zfc))fc 
converges towards T and the latter is uniquely determined by s = lim s&. 

A; —foo 

To prove (f2"5f. remark that 

lim / F(a;, ^ [u;oo + /loo]) = / ^oo((l - s)Tuoo) dx + / F 00 (sTu 00 )dx 
'r« Jr« Jr n 

holds. Hence, similar arguments as above imply lim J(too[woo + ^oo]) = 

k— f oo 

^oo((l — s)Tuoo) + J 00 (sTu 00 ) which concludes the proof. 

□ 

Remark 3.1. Taking s = in the above lemma, we find lim J(m(y*u 00 )) = Coo- 

ll/l-KX) 

In particular, c < Coo holds. 

The following result is crucial for the construction of the min-max value below. 
We now work under the additional assumption (j4j of Theorem 11.11 Furthermore, 
we may assume that 

2 < a < p (30) 

holds in Q. 

Lemma 3.3 (Energy estimate). There exists S2 > §Si such that 

J(m((l - s)(y * Uoo) + s(z * Uoo))) < 2coo 

holds for all s £ [0, 1], R > S2 and y,z £ R N with \y\ > R, \z\ > R and |i? < 
\y-z\<2R. 

Proof. Throughout the proof, we consider 

3 2 
R>-Si and y,z£R N with \y\ > R, \z\ > R and -R < \y - z\ < 2R. 
2 3 

(31) 

For such y, z and s £ [0, 1], we set = (1 — s)(y * Uoo) + s(z * k^) and choose 
^00 5 ^00 as in Lemma 13.21 (ii) . We emphasize that , t^ and h^ depend in a 
crucial way on y, z, but we suppress this dependence in our notation. All constants 
in the following will neither depend on R nor on s, y, z. In the sequel, we will bound 
terms relative to the asymptotic exchange energy 

dy, z -= / joo(y * Uoo){z * Uoo) dx = / foo(u 00 )(z-y)*u 00 dx. 
Jr n Jr n 



14 



GILLES EVEQUOZ AND TOBIAS WETH 



We first collect a few easy consequences of Proposition 13.11 First, since by (F2') 
and (I2T1) we have 

foo(uoo(x))e^ lx \l + \x\^)dx < 00, 
Proposition 13.11 implies that there is K3 > such that 

— \y- z|-^ e -v»-*l < d < K3 | y _ z \-^ e -^\v-A (32) 

for R, y, z satisfying (|31l) . Moreover, by making K3 larger if necessary, we may also 
assume that 

maxll?/! 1 -^, |3|i-JV} e -2V5^aMI»I.M} < ^iT^d^ (33) 

for R,y,z satisfying (f3"Tj). Now let a > 2 be as in assumption (Q}. Applying 
Proposition 13.11 to ip = u^, ip(x) — e~ a ^°°^, a — and /? = N — 1, we 

obtain 

e -«^W{(y* Uoo ) 2 + ( z * Uoo ) 2 } < Cmaxllyl 1 "^, l*] 1 "^} e -V5^min{| y |,W} 

for all y,z £ M. N with some constant C > 0. Therefore by (13"3")) we have, making k 3 
larger if necessary, 



<■ ^ ' <~>{(y*u oo y + (z*u 00 ) 2 }dx< k 3 R 2 d v , z (34) 



for all R,y,z satisfying (|3"Tj) . Moreover, taking ([30]) into account, and applying 
Proposition 13. II to tp(x) — e _Q v /s ^M , ^ = u^, a — a^/a^ and /3 = a^i, we find 
that 

a ^ N {(y*Uoo) p + (z*Uoo) p }^= / [(-tf)*p + (-z)*¥#dx 

< (7^iiax{|y|- Qj ^,|zr Qi T^}e^ Q ^min{|yl^l} 

< Cmaxlly^-^Jzl^^je^v^-^l^^l} 

for all y, z g R N , |y|, |z| > 1, with some constant C" > 0. Therefore by (|33|) we 
have, making K3 again larger if necessary, 

i-°^\ a \{(y * woo) p + (z * Moo) p } dx < K 3 R-^d VtZ (35) 

for all R,y,z satisfying (|31l) . Finally, let ^ > be as in assumption (F2'). Then 
applying Proposition 13.11 to ip = ip = u)£ 2 , a = ^fa^ and j3 = N — 1 yields 

(2/*"oo) 1+f (**Uco) 1+ * = / ((y-z)* Uoo ) 1+ t dx < C"\y-z\ 1 - N e-^\y-^ 

for all y, z G with some constant C" > 0. Therefore, making n 3 again larger if 
necessary, 

(y * Uoo) 1+ % (z * Uoo) 1+ ^ dx < K^R-^dy^ (36) 
holds for all R, y, z satisfying pip . We now have all the tools to estimate 

J(m(?« 00 )) = / |V(w co +/i 0O )| 2 +a(a;)[w 0O +/(, 0O ] 2 dx- / F(x, [woo+^-oo]), dx. 
* Jr n Jm. n 
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We start by estimating the first integral on the right-hand side which we split in 
the following way. 

|V(iUoo +h oa )\ 2 +a{x)[w oa +h 00 ] 2 dx 

N 

= ((1 - s) 2 + s 2 ) / |Viioo| 2 + aoou 2 ^ dx 

+ 2(1 - s)s / V(y*u oa ) ■V(z*u 0o ) +a 00 (y*u 00 )(z*u 00 )dx 
+ / (a(x) - a^w 2 ^ dx + 2 / Vw^ • V/ioo + a(x)w 00 h 00 dx - ||/ioo|| 2 - 



The property J^o(woo) = implies that 

\7{y*u 0O )-\7(z*u 0O )+a OD (y*u 0O )(z*u QO )dx = / f 00 (y*u 00 )(z*u 00 ) = d Vv 



(37) 

We deduce from (IMl) and condition (QJ that 



(a(a;) - aoo )u4 < 2Ci / [{y * u^) 2 + (z * Uoo f]e- a ^W dx 

iV-l 

< 2C1K3R 2 d Wi2 for all s £ [0, 1] and R, y, z satisfying (|31|) . 

n 

As in the proof of Lemma l3lfl we write h 00 = Y J Afe t . Using ([22]), dMJ), (Hi and 

i=l 

(f3"3")) . we obtain 

y Vwoo • V/ioo + a{x)w 00 h 00 dx < ^^(^r) 2 ^ (lt, X i (J Woo\ei\ dxjj 
< K 4 max{\y\ 1 - N , \ Z \ 1 - N }e' 2 ^ min ^^ < K4 K 3 R-^d y , z 



for s £ [0,1] and R,y,z satisfying (J3T|) . Here K4 := 2 ^"| j - Kx/t2- Turning to the 



._ VnlAij 
second integral, we write 

F(x,t 00 [w 00 + hoo]) dx = / FoofaooUoa) + Foa^l — aftoaUoo) dX 



+ / -Foo(iooWoo) - [-^00(5*00(2/ * Woo)) + -Foo((l - s)t oc (z * Uoo))] dx 

Jr n 

+ / F(x,t 00 w 00 ) - FoottooWoo) dx + / F(x,t 00 [w 00 + h 00 ]) - F(x,t 00 w 00 )dx. 
Jr n Jr n 

From Unj) and d3BJ), it follows that 
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FooitooWoc) - [Fooistooiy * Woo)) + ^oo((l - s)t OD (z * Uoo))] dx 



^(l-s^oo/ f 00 {st 00 (y*u 00 ))(z*u 00 )dx 



+ sioo / /oo((l - s)<oo(z * u ocl ))(y * itoo) da; 
-Ct^ S 1+ l(l- S ) 1+ ^ / ( W *« 00 ) 1 +5(«*u 00 ) 1 +5da; 
>(l-s)£oo/ /oo(s^oo(2/*w 00 ))(z*u 00 )dx 



/ JV — 1 

+ Stoo / /oo((l - s)f 
Jr™ 

for s € [0, 1] and R, y, z satisfying (f3Tj) . Here K5 := CK3 sup [ioo(s, y, z)] 2+ly and 

lv,*]>Si 
se[o,i] 

C = C p is the constant from (Q3|) corresponding to the value 

P = ||moo||oo sup too(s,y,z), 

lv,z\>Si 

se[o,i] 

which is finite by ([23]) . Moreover, condition (j4|) as well as (|34|) . (|35l) and (f23]l imply 
that 



F{x,t <X) w 00 )-F 00 {t 00 w 00 )dx> -202^ / e- Q ^M{(y* Moo ) 2 + (z * Moo ) 2 } dx 

r JR" 



for s £ [0,1] and R,y,z satisfying (|3Tj) . where «6 > is a constant. From (p~3|) . 
([23| . (|24|) and (|29|) . we finally obtain a constant K7 > such that 



Woo\ei\dx 



F(x,t 00 (w 00 + hoo)) - F{x,t 00 w QO )dx> \ f(x, ^00^00)^-00 dx 
EA 00 / /(x,ioo^oo)e,dx>- sup ^tooflAl/ 

^ JR" |r|<2t 00 || Moo || oc \r\ Jr/ 



> ~K 7 R 2 rf y z 

for s £ [0, 1] and i?, y, z satisfying pip . Summarizing, we can write 

) + Joo((l-*)t (38) 

+ (s(l- S )t 2 +K 8 i?-^ i )d ?/iZ 

-0--S)too foo{stoc{y * Uoo))(z * U^dx 



Stool /oo((l - s)ioo(^ * Woo)) (?/ * Uoo)dx. 
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with k 8 = t 2 k 3 (Ci + k 4 ) + Y^, K j an d t = sup{t oc (s, y,z) : s£ [0, 1], [y, z\ > S{\. 

3=5 

Now, by (|23|) . we can find some < Sq < 1 such that 

3 

Joo(stooWoo) + Joo((l - s)toctt<x>) + s(l - S^^dy^ < -Coo 

for all s € [0, 5o) U (1 — <5o, 1] and R, y, z satisfying (|31"T) . Hence, by (f38j) . there exists 
Ro > f-Sf such that 

J(m(iOoo)) < 2coo for i? > i? , y, z satisfying (|3"Tj) and s € [0, #o) U (1 — <5o, 1]. 

(39) 

Next, conditions (F4) and (F5) give 



foo(stoo(y * Uoo))(z * Uoo)dx > strx, min{(st 00 ) , 1} d v , z 
and 

/oo((l - «)<oo(y * Uoo))(z * Uoo)dx > (1 - s)t 00 min{((l - s)^) 6 , 
and therefore (|38|) yields 

J(m(Woo)) - 2Coo < J(m(Woo)) - Joc(s£ooMoo) - Joo((l - Sjtootioo) (40) 

< «(1 - s)4(l - min{ («*«,)', 1} - min{((l - s)^) 6 , 1}) + K 8 iT ^] rf a , z . 

We now claim that there is some R\ > |S*i and some k 9 > such that 

s(l - S )4 (l - min{(s< 00 ) e , 1} - min{((l - s)^) 9 , 1}) < -Kg (41) 

for all s € [5q, 1 — ^o]j ^ > -Ri and y, z satisfying (j3"Tj) . For this we consider an 
arbitrary sequence ((s k ,y k , z k )) k C [6 ,1 - S ] x l" x ^ such that \_y k ,z k \ -t 
oo and s k —> s G [5q, 1 — #o] as A; — > oo. According to Lemma 13.21 we have 
lim £oo(sfe, J/fc, Zfc) = 7 1 with T = T(s) given by d2BJ. Note that T > by (23}, and 

min{sT, (1 - s)T} > S T > 0. Moreover, s(l - s)T 2 > (<5 T) 2 > 0, and ([26]) implies 
maxjsT, (1 — s)T} > 1. Consequently 

s(l - s)T 2 (l - min{(sT) e , 1} - min{((l - s)T) e , 1}) < 0, 

and this shows that (|4"Tj) holds for all s£ [<5o, 1 — So], R > R\ and y, z satisfying 
(f3Tj) . where i?i > |-5i and Kg > are suitable constants. Going back to (|4"TJ)) . we 
conclude that 

iV — 1 

J(m(Woa)) < 2Coo - [Kg - K s R~^~]dy }Z , 

for these values of R, y, z and s, and the right hand side of this inequality is smaller 
than 2coo for R large enough. Together with (131)1) this finishes the proof. □ 

We conclude this preparatory section by describing the behavior of the Palais- 
Smale sequences taken from A4, and show that the result of Bahri and Lions [U 
Proposition II. 1] (see also [28j Theorem 8.4]) holds in our context. 

Lemma 3.4. Let (u k ) k C M be a sequence for which {J{u k )) k is bounded and 
J'(u k ) -> as k -> oo holds. Then, there exist £ G NU{0}, (x l k ) k C t", 1 < i < £ 7 
and u,Wi, . . . , W£ £ E satisfying (up to a subsequence) 

(i) J'{u) = 0, 

(ii) JUm) = 0, i = !,...,£, 
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(ii) \x k \ — > oo and \x\ — x k \ — > oo as k — > oo for 1 < i ^ j < I, 

(iii) 1 1 life — [u + ^2 %\ * Wi]\\ — > as k — > oo, 

i=l 

i 

(iv) J(u k ) J(u) + J2 Joo{wi), as k ->• oo. 

i=l 

Proof. From Lemma |2.3[ (u k ) k is a bounded sequence in E. Up to a subsequence, 
we may assume u k — ^ 5 for some u <E E and J(uk) — > d as fc — > oo. Since J' is 
weakly sequentially continuous we obtain J'(m) = 0. 

Step 1: Let Uj. := it/. — u for all fc S N. Since vj[ — v in E and a(x) — > 
for |x| — > oo, the compactness of the embedding i/ 1 (_Bfl(0)) ^ L 2 (Br(0)) for all 
R > implies 



(a(x) — aoo)\vl\ 2 dx — !• 0, as k —> oo. (42) 
Moreover, from (Al) and (F2), it follows that 

/ F{x,v\)-F 00 {vl)dx — >0, asfc->oo. (43) 
Consequently, as k —> oo, there holds Joo{v\) = J{v\) + o(l) 

= J{u k )-J{u)+ [ [F(x,Uk)-F(x,u)~F(x,vl)}dx + o(l) = J{u k )-J(u)+o(l), 



where the last step follows from Proposition IA.1I (Remark that \u(x)\ — > as 
|ir| — > oo, since J' (u) = 0. See [20l Lemma 1].) For every ip g E, we have 
furthermore 

J L( v k) t P= / V^-VvJ + aoo^V^- / f°c{vl)tpdx 

JR N JR N 

= J' (u k )(p - J' (u)ip + (doc - a(x))v\ydx + / - f^vl^ipdx 

Jr n Jr n 

+ \f{x,u k ) - f(x,u) - f(x,vl)](pdx. 



Since lim J'{uk) = in H 1 and J'(u) = 0, similar arguments as above (using 

k— ¥ oo 

again Proposition I A. 1 1) imply 

J'oo{ v k) in H~ x , as k -> oo. 

Step 2: Let 

£ := lim sup sup / |i> fc | 2 dx . 
fc^oo \y£R N JBx(y) I 

If C = 0, then [TH1 Lemma II. 1] gives — > as k — > oo, and from 

ll^ll 2 < C j \Vv\\ 2 + aoo (vl) 2 dx = C{JUvl)vl + I foo(vl)vl dx}, 
Jr n Jrn 

< CiJUvlH + eHWz* + CsWvlWU for all e > 0, 
we obtain ||u^|| — > 0, and hence itfc — > u in E, as k — > oo, and the proof is complete. 
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On the other hand, if £ > 0, then, passing to a subsequence, we can find a 
sequence {x\)k C R N satisfying \x\\ — > oo as k — » oo and 

[(-xl)*vl] 2 dx= f {vl) 2 dx> C - 



for all fc. Since ((— x\) *vi)k is bounded in E, passing to a further subsequence, we 
find {—x\) * v\ — 1 i«i 7^ 0, using the compactness of the embedding i? 1 (Si(0)) 
L 2 (i?i(0)). Since J'^ is weakly sequentially continuous and invariant under trans- 
lation, there holds J' OQ (wi) = lim J£o((— x\) * t>£) = lim J'^vl) = £ if -1 . 

fe— >oo fc— >oo 

Setting v 2 := uj£ — (a;^ * iui), we obtain i> 2 — 0, and the same arguments as 
above, applied to Joo, give 

Joo(«fc) = Joo(Wfe) - Joo(wi) + o(l) = J(u k ) - J(u) - Joo(wi) + o(l), 

■4>fc) ^ in H- 1 and ||w||| 2 = ||u fc || 2 - ||u|| 2 - ||ii>i || 2 + o(l) as fc -> oo. 

Iterating this procedure, we construct sequences (x l k )k C such that \x\\ — > 
oo and \x\ — xV\ — > oo for all i ^ j, as k — ¥ oo, and critical points u>; of Joo 

2 2 

such that Joo(ufe — u — X) x k * w j) = J{ u k) — J(u) — Joo(wj) + o(l), and 

3=1 3=1 

i 

J'oo( u k ~^~^2 x k* w j) ^ in H^ 1 as fc — > oo. Since Joo(w) > Coo > holds for 

3=1 

every critical point w of Joo, and since ( J(uk)) k is bounded, the procedure has to 
stop after a finite number of steps. □ 

3.2. The proof of Theorem II. li Suppose all the assumptions of Theorem 11.11 
are satisfied. We shall prove the existence of a nontrivial solution to |T]) in three 
steps. First note that c < Coo holds, by Remark 13.11 If c < Coo then Proposition 
12.51 gives the desired conclusion. Hence, we can assume that c = Coo holds. 
Now, consider the barycenter function (3: E\{0} — > M. N given by 

/3(«) = j-^jr- I ^-Mx)\ p dx, u e E\{0}. 
\\u\\lp Jr" PI 

This function is continuous on £'\{0} and uniformly continuous on the bounded 
subsets of E\{u £ E : \\u\\lp < r} for every r > 0. Moreover, \j3(u)\ < 1 for every 
u ^ 0. For b £ Si(Q) C 1^ we set 

h := inf J(u) = inf > c. 

I3{u)=b f3(m(v))=b 

We claim that if c = Jb for some |6| < 1, then J has a nontrivial critical point, i.e., 
(fTJ) has a nontrivial solution. 

Indeed, let (v k )k C <S + with /3(m(vk)) = 6 for all k £ N be a minimizing sequence 
for lb, i.e., lim ^(vt) = h = c. For each k £ N, choose <5fc > such that 

k— >-oo 

|/3(m(«))-j8(m(»fc))| < holds for every v £ S + with — v k \\ < 2<5fc. According 
to Ekeland's variational principle (see {28., Theorem 8.5]), we can find some Wk £ S + 
satisfying c = I b < V(w k ) < h + f, \\wk ~ v k \\ < 26 k and ||*'(wfe)||* < |. Setting 
Uk ■= m(wk) for all k £ N, we obtain a Palais-Smale sequence (wfc)fc C .M for J at 
level lb — c with the additional property that < 1+ J < 1 for all k £ N. 

Remark that by Lemma 12.31 (ufc)fe is a bounded sequence. Hence, the estimates 
(TT2l . together with the fact that u k £ A4 for all fc, imply inf > 0. 

fcGN 
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Suppose by contradiction that there is no u G 7?\{0} such that J'(u) = 0. 
According to Lemma 13.41 and the assumption c = Coo , we can find a sequence 
(xk)k C such that \xk\ — > oo and \\uk — (xk * u<»)|| — > 0, as fc — » oo. Noticing 
further that \\xk * Uoo||i> = || u oo||lp > holds for all k, and |/3(xfe * w<x,)| — > 1 as 
k — > oo , the uniform continuity of /3 gives 

1 = lim \f3(x k * Moo)! < limsup |/3(u*)| < ~t — ■ 

This contradicts our assumption |6| < 1, and shows that there must exist some 
u e E\{0} such J'(u) = 0. From Lemma l3~4l it follows that lim ||m(u>fc) — u\\ = 0, 

k— too 

and thus, J(u) = c holds with /3(u) = b. This proves the claim. 

It remains to see what happens when c = < Ij, holds for every |6| < 1. For 
R > 0, let y = (0, . . . , 0, R) G M. N and consider the open ball 

Q R := B| H (|) = {(l-s)|/ + szeR JV : < s < 1, z G <9ft fl } . 

It has the following properties. 

(i) 0,y G Q H , §7? < |y - z| < 2min{|y|, |z|} = 2i? for all z G and 
|y — z\ = 2R if and only if z = —y. 

(ii) For every x £ flji\{y} there exists a unique (s, z) G (0, 1] x <9£1/? satisfying 
x = (1 — s)y + ,sz. 

(iii) For every x G £!ft\{0} there exists exactly one (r, £) G (0, 1] x 8VLr satisfying 
x = t(. Moreover, r is given by 

1 



t(x) 
y ' 5R 



15\x\ 2 + x N — xn 



(44) 



piV 



where x = {x\, . . . , , xjy) G £1^\{0} C 
The function 5: — > -Bi(O) given by 

/ r^)^ ifx^O 
5(x) = < \x\ 

if a: = 



is a continuous bijection which satisfies g(dflii) = dB\ (0). Furthermore, g is smooth 
on Q,r\{0}. For b = (0, . . . , 0, |6|) with < \b\ < 1, we have g(™b) = b and 

s'(¥ 6 ) = im ld - Thus de s(5, n«. 6) = 1- 

We now define a min-max value as follows. Let R > S2 where 5*2 is given in 
Lemma 1331 and consider 70: dftR — > M given by 

7o(z) := m(z * Uoc) for all z G 

We set T_R := {7 : f2_R — > : 7 continous and 7|an H = 70} and 

Co := inf max ,7(7(2;)). (45) 

We claim that for b = (0, ... , 0, with < |6| < 1 fixed, there holds h < co < 2coo 
for 7? large enough. 

To show the left-hand inequality, consider for each 7 G Tr the homotopy 77: 
[0, l]x?! K 4 Bi(0) given by 77(6 x) = 68(7(3;)) + (1 - 0<?(z), < £ < 1, 2; G 
Since 7|an R = 7o and 68(70^)) + (1 - £).9( z ) jfr uniformly for z G 90^ and 
< £ < 1, as R — > 00, we obtain b ^ 77([0, 1] x OCIr) for 7? large enough. The 
homotopy invariance of the degree then implies deg(/3 o 7, b) = deg(g, Qr, b) — 
1. Using the existence property, we can therefore find some Xb G Qr for which 
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/3(j(xb)) — b, and this gives < J(~f(xb)). Since 7 G Tr was arbitrarily chosen, we 
obtain lb < cq. Lemma T3.3I gives the second inequality, when we consider 72 G 
given by 

72((1 - s)y + sz) = m((l - s)(y * u^) + s(z * u^)) s G [0, 1], z G dil R . 
In particular, the min-max. level cq satisfies 

c = Coo < c < 2COO (46) 

for R large enough. 

We now wish to prove that J has a (nontrivial) critical point at level cq. For 
this, we note that S + := {u G E + : \\u\\ = 1} is a complete connected C 1 -Finsler 
manifold, as a closed connected C 1 -submanifold of the Banach space E + . Moreover, 
for R > S2, the the family Fr — {(tn _1 o -f)(flR) c S + : 7 G r^} of compact 
subsets of S + is a homotopy-stable family with boundary Br :— (m^ 1 oj )(dH,R) C 
S + , in the sense of Ghoussoub jTQl Definition 3.1]. Since J(jo(z)) converges to 
as R — > 00, uniformly for z G 8£Ir, we have furthermore 

svlP^(Br) = max J(7o(z)) < cq = inf max J{^(x)) = inf supVE'('y) 

for large R. Using the min-max. principle 1101 Theorem 3.2], we can find a sequence 
{vk)k G S + such that ^(vk) — > cq and —> as k —> 00. Consequently, the 

sequence (m(vk))k C .M is a Palais-Smale sequence for J at level Co- Now, any sign- 
changing critical point w of Joo satisfies Joo(^) > 2^ (see e.g. [TJ Lemma 2.4]). 
Hence, the estimate (|4"6")l . the uniqueness of the positive solution of ([3]) together 
with Lemma 13.41 imply that, up to a subsequence, m(ffc) — > u as fc — > 00 for some 
u G -E\{0} which satisfies J'(w) = and J(u) = Co. This concludes the proof. □ 

4. Existence of a ground-state solution 

This section is devoted to the existence of a ground-state solution of ([I]) under the 
conditions of Theorem 1 1.2 1 Therefore, we assume from now on, that a and / satisfy 
(Al), (F1)-(F4). If E° {0} we suppose, in addition, that © holds. The proof 
of Theorem 11.21 relies upon Proposition 12.51 and a similar energy estimate as before 
(compare Lemma 13.21 and Lemma 14. 2p . This time we shall consider the translate 
of one ground-state of the limit equation (j3)) together with a cutoff argument. The 
latter is well-suited to our setting, since through ^ and © we only control the 
behavior of a and F respectively, for large |x|. We do not have (nor do we require) 
any information about what happens elsewhere. 

For the remainder of this section, we choose some ground-state solution of 
([3]). Our hypotheses ensure that Uoo G H 1 (M. N ) n C(M. N ) satisfies either > or 
Moo < on M. N . Furthermore, for every e > there exists C E > such that 

|«oo(a!)| < C £ e-^' e) ^ lxl for all x G 1^ (47) 
(see [3D] and [33 Theorem C.3.5]). Taking 9 as in © if E° ± {0} and setting 9 = 
otherwise, we fix some < e < min{l — ^fejg^ , 1 — \fj} an d set A £ :— (1 — e)y/a^. 
Moreover, we consider a cut-off function \ € C°°(M. N ), < x < 1) such that 
x(x) = 1 if \x\ < 1 — £ and x( x ) = if |x| > 1. 
For R > 0, we set 

u*{x) ~ x(^)uoo{x), xeR N . 
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Similar to [H Lemma 2], we have the following estimates as R — > oo. 

/ \\Vu 00 \ 2 -\Vu^\ 2 \dx = 0(e-^ 1 -^ R ) (48) 



[ \ Uoo \ s dx = 0(e- sA ° R ) for s > 0. 

J\x\>R 



(49) 



'MS 

In the following it will be helpful to consider 

R y :=-f\y\ for y £ R N \ {0} with some fixed 7 £ (0, 1). (50) 

We shall estimate the asymptotic behavior of some integrals involving the eigen- 
functions and translates of the ground-state u^. 

Lemma 4.1. For er, v > and < (3 < min-jV, v{l — 7) + 177}, there exists C > 
such that 

lytu^^e-^Wdx^Ce-^'M 

holds for all y £ R*. Moreover, if a > v, the conclusion also holds when ft = v. 
Proof. Let < (3 < mm{v, 2/(1 — 7) + (77} and consider y 6 K . There holds 

e M.|»| f \y* V *v\° e - vA *Wdx< C [ e ^—)A s \x\ e -(u-^A s \ X + y \ dXj 

Jr« J{\x\<i\v\} 



using (j47| . Now, if /3 > <r, we can write 

^-^Mg-^-zSMelx+sl dx < c .| 2/ |JV e (0-<r)A e7 |y| e -( ! ,-/3)A e (l- 7 )|y| 

= C%| Jv e~ (ly(1 ~ 7)+,T7 ~ /3)Ael2 ' 1 . 



e y 

{M<-y|s/|} 



The assumption /3 < i/(l — 7) + a~f then gives the desired result. 
On the other hand, if /3 < a, we have 

h\'A<i\v\} « K 
and the conclusion follows. □ 

As a consequence of the preceding lemma, we obtain the following estimates for 
the integrals below. 

/ \y*v%2\ \e t \dx < Ce~ AM for all y £ R N , 1 < i < n + I, (51) 

JUL 1 * 

with some constant C = C(e,j) > 0. Moreover, for any < S < (\J 1 + j^- — 
1)(1 — 7), there exists C — C(e, 7, 5) > satisfying 



/ (y*u^) \e t \dx < Ce~ {1+S)AM for ally €1^,1 <i < 



(52) 



Lemma 4.2. (i) There exists S3 > smc/i t7iai y * UcS i H- @ H° for all 

\y\ > S 3 . 
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(ii) For \y\ > S3, let t y > 0, h\ £ H and h 2 y £ H° satisfy 

Then, as \y\ — > 00, there holds t y — > 1 and \\hy\\ +\\h~\\ — > 0. More precisely, 
there exists C = C(e,j) > such that 

, (2+9) I I 

\\hl\\<Ce-^n AM (53) 

and 

\K 

hold for all \y\ > S3. 



\h 2 v \\ < Ce~^ A ' lyl (54) 



Proof. (i) Since a(x) — > as \x\ — > 00, and since < R y implies \x + y\ > 
(1 — j)\y\, the dominated convergence theorem, together with (l4"51) and (|4*5)1 . 
gives 



\V(y*u*«)\ 2 + a(x)\y* U ny\ 2 dx= / \Vu% | 2 + a(x + y)\u% | 2 dx 

I dx as \y\ — > 00. (55) 

Since J RN \Vh\ 2 + a{x)\h\ 2 dx = -\\h\\ 2 < for all h £ H~ ffi H°, the 
conclusion follows from ([55]) and the fact that < 2c JQO < J RN iVu^ 2 + 
aoo|woo| 2 dx. 

(ii) Since J'(t y [y * u* v + h\ + h 2 y ]){t y [y * + h\ + h 2 ]) = holds, we find 
< 2c < 2J(t y [y * u% + ^ + hi}) + 2 / F(x, t y [y * u% + h y + h 2 y ]) dx 

= t 2 v f \V[y^u^+h y ]\ 2 + a(x)\y^u^+hl\ 2 dx 

< 4{ I |V» * «Sf + <x)\y * U ^| 2 + 2C7|| Uoo || \\h l y \\ ||^|| 2 }. 

From (|55|) , we deduce that 

sup lift-, 1 ,!! < +00 and inf t v > 0. (56) 
\v\>s 3 V \v\>Ss 

Furthermore, we claim that {t y (y * + h y + h y ) : \y\ > S3} is bounded, 
so that 

sup t y < +00 and sup \\h 2 \\ < +00 (57) 

\y\>S 3 |y|>S 3 

holds. Indeed, suppose by contradiction that (up to a subsequence) \\t y (y* 

y*ut y +h\+h 2 y _ 



& + hi + /i 2 )|| — > 00 as \y\ — > 00. Setting w y :— 



s y (y * Uoo) + zl + z 2 , we first note that s y stays bounded as |y| — > 00, since 

\\s y (y * uSO+H < 1 = \\w y \\ and \\(y * u^) + \\ ^ as \y\ -> 00, according 
to (|5"5"]) . Hence, dim(i/~ iJ°) < 00 implies that, up to a subsequence, 
s y — > s, Zy- — > z\ and z 2 — > Z2 as |y| — > 00 for some s > 0, zi £ H~ and 
z 2 G H°. 

If s 7^ 0, we obtain that 

|| (-y) *w y - su£}> - (-y) *zi- (-y) * z 2 \\ ->• as \y\ 00. 
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Hence, (—y)*w y — suoo ^ as \y\ — > oo, which implies that (up to a subse- 
quence) w v (x + y) su^tx) a.e. on R*, and since w y — tv ^ v * Uc ^ +h v +h y^ 

and \uool > 0, we obtain that for a.e. x € M JV , \t y [u^ (x) + h y (x + y) + 



h 2 (x + y)]\ —> oo as \y\ —> oo. But then, Fatou's Lemma gives 
\V[y * u% + h y ]\ 2 + a(x)\y * u% + h\\ 2 



Hb*«5'+^ + ^]|| 2 

,.\v*uH v + h 1 . + h 2 ] 

dx 



dx 



f(x, t v [y * u* y + h\ + h 2 y ])t y [y * v% + h\ + h 2 y 



\\ty[y*u% + hl + hl]f 

f F(x + y,t y [u%f(x) + h l y (x + y) + h 2 y {x + y)]) 

>2 / 5 (Wy{x + y)) dx 

V {t y [u^(x)+hl(x + y) + h 2 y (x + y)}} 2 

— > oo as \y\ — > oo, 

which contradicts the boundedness of y * + h y and the fact that \\(y * 

Uoo) + \\ 7^ as \y\ — > oo. On the other hand, if s = 0, then w y — > z± + Z2 
strongly in H, and hence \\zi + 23 1| = 1^0 holds. The same argument as 
above gives (up to a subsequence) \t y [u^(x — y) + h y {x) + h 2 (x)]\ — > 00 
as \y\ — > 00 and, using Fatou's Lemma, we obtain again a contradiction. 
Therefore, the claim is proved and (|57|) holds. 



Now J'(t y [y * + h\ + h*])(hl + h 2 )=0 implies 

Jr" t y [y *Uoo y +hy +h y \ 
V(y * u£0 • V/iJ + a(z)(y * u^)h x y dx (58) 

/(ar.tyfoKuS' +hl + h 2 ]) B 
s 2 2- (y * u£>)(h y + /i;) dx. 

ijz [y * Moo" + ft,* + h y ] 

n n+Z 

Writing /i* = ^ ^Ve^ and ^ = ^i e i an( ^ using the fact that t y [y * 

z—l i=n+l 

wS B + /li + is bounded in L°°(R N ), we obtain 



* Woo + fcj + ftjj 



n+Z „ 

<c^ki / |j/*^ii ei |&<(7ii^+^i| e -^^i 



(59) 



for some C* > 0, by (|5T1) . ([51))) , (|S"7|) and since all norms are equivalent on 
H~ © In the case E° = {0}, the lemma is proved, since h 2 = holds. 
If £° ^ {0}, we notice that (F4) and © imply 



infj 1 !^ 1 : xeR N ,0<\u\<r}>0 
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for all r > 0. Choosing r = sup \\t y [y * + h y + h 2 ] \\ x < oo, we obtain 

\y\>s 3 

\hi+hirux< m ^ 2e :^ j \t y [y* u %+hi+hi]\<>(hi+hifdx 

r n ( mi ly) j m n 

+ max{l,2 e - 1 } f \y*u%\ 8 (hl+h 2 y ) 2 dx 

<c[ fix ^ [y *:* y + h * + h y ] \ h i + h if dx 

Jr« t y [y*u% +hl + hl] v v 
+ max{l,2 e - 1 } / \y*u%\ e (hl + hl) 2 dx 
< C\\hl + h 2 y \\e- A *M + C'\\hl + hlfe-i&A'M 

since < < min{2, 2(1 - 7) + 6*7}, using Lemma and (15T))) . 

Since all norms are equivalent on E~~ E°, the preceding estimate gives 

\\h\ + h 2 y \\< Ce~^ A ^ for all |y| > S 3 . (60) 

Combining this estimate with ()59[) . we find 

, (2 + 9) . 1 1 

\\hl\\ < Ce~*V+b Aslvl for aU |y| > S 3 . (61) 
Hence, \\h y + h 2 \\ — >• as \y\ —> 00 which, in turn, implies that 

/ \V[y*ug« + hl}\ 2 + a(x)[y * u*y + h^ 2 dx ^ / |V Uoo | 2 + a^u 2 ^ dx, 

as \y\ — > 00. From ([56]) and ([57[) . we can assume that (up to a subsequence) 
t y -> T > as 1 2/ 1 — ► 00. Then, we find 

= J'(t y [y * + h\ + h 2 y ])ty[y * u§< + h\ + h 2 ] -> J'^Tu^Tuov, 

as 1 2/ 1 - > °Oi i- e -j ^Uoo g A^oo- Since € .Moo, it follows that T = 1. 
This concludes the proof. 

□ 

Remark 4.1. In the case E° = {0}, we have h 2 — 0, and using ([52]) instead of 
([ST]) in (|59|) in the proof above, we obtain a better estimate for the decay of h y . 



Namely, for every < 5 < min{(^/l + ^ - 1)(1 - 7) : 1 < i < n}, 

\\hl\\ < Ce~ {1+s)A ' lyl (62) 
holds for all \y\ > S3 with some C = C(e, 7, (5) > 0. 



We are now ready to prove Theorem 11.21 Let therefore conditions (Al), (Fl)- 
(F4) and, if kcr(-A + a) = £ / {0} holds, © be satisfied. 

Proof of Theorem \1.2[ As before, let < e < min{l — a ^+^ , 1 — I n case 

([7]), we may also assume 

a<fi<2 and e < min{l , 1 - ^ }. (63) 
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We fix 7 > such that 2 (i°^ < 7 < 1 and consider the corresponding radii R y as 
defined in ([50]) . We claim that we can find S > S3 such that 

J(m(y * u&)) < Coo for all \y\ > S, (64) 



where S3 is given by Lemma 14.21 The conclusion of the theorem then follows from 
Proposition 12.51 Let us prove (|64|) . With the notation of Lemma 14.21 consider 

\y\ > S 3 and (t y ,hl,h 2 y ) € (0, 00) x E~ x E° with m(y*v£?) = t y [y*u* v + + 
There holds 

a 



* JSL N 



\u%\'dx- 



Foo(tyU%)dX 



t 2 - 



\Vh 1 y \ 2 + a(x)\h 1 y \ 2 dx + 2 / V{y*u%>)-Vhl + a{x){y*u%)hldx 



+ / (a(x + y)-a 00 )\u!J o y\ 2 dx 



F(x + y, tyu^y) - F 00 (t y u*y)dx 



+ / {F(x,t y [y*u%i + hl + hl])-F(x,t y (y*u%>))}dx 



In the following, we let Ki, K2, ■ ■ ■ denote positive constants depending possibly on 
S3, a, 6, e, 7, /i and Uoo but not on y. From (|48|) . (|49|) and the fact that ij, remains 
bounded as \y\ — > 00, it follows that 
+2 



1/ {\Vu^\ 2 + aoo \u^\ 2 )dx- [ Foo(V#)dz 

< Joo^ + I / (|VU^| 2 - |V Uoo | 2 )(ix+ / 

< Coo + Kl e -2(l-e)A E R v 



{\x\>(l-e)R y } 



Fooityiioo) dx 



for y G I w \ {0}, using the fact that Joo{tyUoo) < Joo{uoo) = Coo, since 6 A^oo 
holds. 

We now consider the case where assumption (a) of Theorem ll.2l is satisfied. Then 
© implies 



(a(x + y)-a 0o )\u^\ 2 dx = 



{\X\<R V } 



(a(x + y) ~ a^u^Y dx 



{M<1} 



for \y\ > maxji, ^3^}- Furthermore, ([7]) and Lemma [4J] together with (j63]) yield 

Fix + y^u^-F^tyU^dx^-Ci [ e -MV5=l-+vl [\tyU%\* + |V4"H dx 



= -Co 



[\ty(-y) * u% I 2 + \ty{-y) * u% dx > -K3 e-^\ 



for \y\ > S3. If E° ^ {0}, we obtain moreover 

V(y*u%?)-Vhl + a(x){y*u%)hldx 

<|Ai|||^i|| max / \y * \e t \ dx < K, 



4 e 2 < 1 + e > 
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and 

/ {F(x,t y [y * u% + ^ + h 2 y ])- F(x,t y (y * u**))}dx 
Jr n 

>~ [ \f(x,t y (y* U Ky))t y (hl + h 2 y )\dx 

JR N 

> -K 5 \\ht + h 2 v \\ max / \y*u*y\\ei\dx> -K & e~^ A ^ y \ 

" " l<i<n+lJ RN 

for \y\ > S 3 as a consequence of (fl3]l. (loTj) , (|53)l and ((54)) . 
On the other hand, when i? = {0}, we fix 

< S < min + — - 1)(1 - 7) : 1 < i < nj 
and use Remark 14. II and (f52j) to estimate 

/ V(»*«5')-V/iJ+ a(z)(j/*u£f)^ dx 

JR N 

< I Ai| || hi || max / \y * u^We^dx < K 7 e - 2{1+s)AM , 

l<i<nJ RN 

and, since /i 2 = in this case, 

/ {F(x, t y [y * u£ + ^ + h 2 ]) - F(x, t v {y * u^))} dx 

JR N 

>- [ \f(x,ty(y*u^))t y hl\dx 

> -K s \\hl\\ max / |j / * U ^||e i |^>-^ 9 e- 2 ( 1 + 5 )^^, 
Putting the previous estimates together and noting in addition that 

f \Vh\\ 2 + a{x)\h\\ 2 dx<0, 

JR N 

we obtain, for \y\ > max{S 3 , i}, 

J(m(y * u^)) < coo + K 1 e -W-*)A.Rv _ K 2 e -«V5=1vl + K 3 e ~^ A ^ 
+ (K 4 + K 6 )e-^ A °M 
in the case where E° ^ {0}, and 

J(m(y * u£»)) < Coo + K ie - 2{1 - £)A - R y ~ K 2 e -"V^M + /f 3 e~ 

when E° = {0}, respectively. Our choice of 7 implies 2(1 — £)"fA £ > a^/a^, and 
our choice of e gives ^ £ > a-^/floo and > a v /a 7. Hence, the conclusion 
follows, since K 2 > 0. 

Next we consider the case of assumption (b) in Theorem 11.21 By Lemma 14.21 (ii) , 
we may choose rj > such that 

r] < inf{i y |uooO)| : \y\ > #3, \x\ < l} < sup{t y \Uoo{x)\ : \y\ > S3, \x\ < 1} < -, 
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and we consider C v ,S n such that ((8]) holds with this choice of n. Since by assump- 
tion a(x) < doo for all |x| > So, we obtain 



{a{x + y)-a 00 )\u^\ 2 dx<Q for \y\ > 



Moreover 



1-7 

f F(x + y,t y u^)~F OD (t y u^)dx>C, 1 e- a ^ yl f eWCT dx 

JM N Jf\x\<l\ 



l{\x\<l} 

= C n e~ a ^ lvl for \y\ > max{-, '' ^ } with a constant C, ; > 0. 
Together with the previous estimates, we find, for \y\ > maxjS'a, > (T^t) ' 7^' 

J(m(y * «£»)) < Coo + e -2(i-e)^H 8 _ (7 jje - a ^ 5= 1«'l + (Ki + K 6 )e~^ AM 
in the case where E° ^ {0}, and 

J(m(y * u£0) <c oc +K 1 e -^-^R y _ C^V^lvl + ( Kj + if 9 ) e - 2 ( 1 + 5 )^l«l 

when £7° = {0}, respectively. The conclusion follows as above from the choice of 7 
and e. □ 

Appendix A. A nonlinear splitting property 

The aim of this section is to prove the following result, which was needed in the 
proof of Lemma 13.41 The proof is an adaptation of an argument in Q] Appendix] 
to our setting. Throughout this section, we assume (F1)-(F4). 

Proposition A.l. Let (u k ) k C H 1 ^) and u G H l (R N ) be such that u k u 
weakly in H 1 (R N ) and \u(x)\ — > as \x\ — > 00. Then, as k — > 00, 

F{x, Uk) — F(x, u) — F(x, Uk — u)dx — > 0, (65) 

[f{x, u k ) - f(x, u) - f(x, u k - u)]ipdx -> 0, (66) 
uniformly in \\ip\\ < 1. 

Proof. We set C := sup ||ufc|| < +00 and fix some e > 0. According to (F2), we can 

k 

choose < s < 1 such that \ f(x,t)\ < s\t\ and hence \F(x,t)\ < ||t| 2 holds for all 
\t\ < 2so and all x € K . Moreover, by assumption, there exists R > such that 
\u(x)\ < so for all |x| > R and J r n^ Br ^ \u\ 2 dx < 1. 
Hence, we obtain 

/ \f(x,u)\\v\dx<e([ \u\ 2 dx)iM L 2 <e\\<p\\ L 2 

Jr n \b r (q) Jr n \b r (q) 

e f ,_ |2 , e 



and / \F(x,u)\dx<- / \u\ dx < 

Jr n \b r (o) 2 Jw>n\b r (o) 2 

Setting := {x e R Ar \B^(0) : \u k (x)\ < s } for fc e N, we find 

|/(a:,Ufc) - f(x,u k - u)| dx < e(\\u k \\ L 2 + \\u k - u\\ L 2)\\ip\\ L 2 < 3Ce\\ip\\ L 2 

and \ \F{x,u k ) - F(x,u k -u)\dx < U\\u k \\ 2 L 2 + \\u k - u||| 2 ) < ^C" 2 . 
•/£4 2 2 



ENTIRE SOLUTIONS TO NONLINEAR SCALAR FIELD EQUATIONS 29 

Now we consider V* := {x e R n \Br(0) : |wfc(x)| > s} for k e N and s > 2. 
Notice that in particular \uk(x) — u(x)\ > s — 1 > 1 holds for all x £ V, . As a 
consequence, we can write 

/ \f(x,u k ) - f{x,u k - u)\ \<p\ dx < 2C / (K| p_1 - \u k - u| p_1 )|<£|<ix 

Jyk Jyk 

<2C (s-ir- r f Qukf-'-luk-uf-'Mdx 

< 2C (s iY- 2 '\\u k \\ 2 ^ - |K - uiif^iMi^. 
^c^-ir 2 *^ 2 *- 1 !!^. 

Similarly, we find 

\F(x,u k ) - F(x,u k - u)\ dx < C(s - l)^ 2 * C r 



L 



for all k e N. Choosing s > 2 large enough, we can achieve C(s — l) p ~ 2 C 2 _1 < e 
and C(a- l)^ 2 *^ 2 * < e. 

For the next step, we remark that from the continuity of /oo and i 7 ^, we may 
choose 5 = <5(e) > such that | - /oo(«)| < ^ and {F^u) - /«,(?;) | < 
hold for all \u — v\ < S, \u\, \v\ < s + 1. By (Al), we may now pick R — J?o( £ ) > -R 
satisfying |u(x)| < (5 for all |x| > R and |/(x, u) - /«>(«) I < ^ for all |u| < s + 1 
and all \x\ > Rq. Setting W fc := {a; € M JV \B flo (0) : s < K(x)| < s} for fc e N, 
we obtain 

/ \f(x,uk) - f(x,uk - u)\ \<p\ dx < / |/(x,u fc ) - /oo(a;,Mfe)| M dx 
Jw k Jw k 

+ \foo(uk)~ foc{uk~u)\\(p\dx+ \foo(uk-u)- f(x,u k -u)\\ip\dx 
Jw k Jw k 

< s e\\ip\\ L 2\W k \^ < s e—\\u k \\ L 2\\ip\\ L 2 < eC\\ip\\ L 2, 

so 

and 

/ \F(x,u k ) - F(x,u k - u)\ dx < / / \f(x,tuk) - foo(x,tUk)\\uk\dtdx 
Jw k Jw k Jo 

+ \Foo(u k ) - Fooiuk -u)\dx 
Jw k 

+ / \foo(t(u k - u)) - f(x,t(u k - u))\ \u k - u\ dtdx 
Jw k Jo 

< (\\u k \\ L 2 + s \W k \i + \\u k - u\\ L 2) < e— 

for all k e N. Finally, since u k — > u strongly in L r (Bn o (0)), 2 < r < 2*, we can 
choose k € N large enough such that 



/ \f{x,u k ) - f{x,u) - f(x,u k - u)\ \ip\dx < s\\ip\\ 

J B Rq (0) 

and / \F(x, u k ) — F(x, u) — F(x, u k — u)\ dx < e 
•/b„„(o) 
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hold for all k > ho- Combining the above estimates, and remarking that (Uk U U 
W k )\B Ro {0) = R N \B Ro {0) holds for all k, we obtain 

/ \.f(x,u k ) - f(x,u k -u)- f{x,u)\ \<p\ dx < 3e(l + C)\\ip\\ 

[ 23 - 

and / \F(x,u k ) - F(x,u k - u) - F{x,u)\ dx < e(2 + — C 2 ) 
Jr n 6 

for all k > fc . This concludes the proof. □ 
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